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A quasigroup satisfying the 2-variable identity X(J’X) =y is called semisym- 
metric. It is observed that the transpose of a semisymmetric quasigroup is also 
semisymmetric. Consequently, the existence of a self-orthogonal semisymmetric 
quasigroup (SOSQ) gives rise to a pair of orthogonal semisymmetric quasigroups. 
In this paper, the spectrum of SOSQs is investigated and it is found that the 
spectrum contains all positive integers n E 1 (mod 3) except n = 10. 
1. INTRODUCTION 
Quasigroups satisfying the identity x( yx) = y are called semisymmetric 
and are known to exist of all orders with a specified number of idempotents 
(see [ 11). Idempotent-semisymmetric quasigroups are coextensive with 
cyclic-triple systems (CTSs) introduced by Mendelsohn [ 121 and further 
investigated in papers [2, 7, 8, 11, 141. A quasigroup (Q, -) is self-orthogonal 
if it is orthogonal to its transpose, that is, if xy = zt and yx = fz together 
imply x = z and y = t. For our purposes, we can think of a quasi-group as a 
Latin square with a headline and a sideline. It is well known [4] that self- 
orthogonal Latin squares exist of all orders n # 2, 3, 6 and the reader is 
referred to [6] for information relating to quasigroups and Latin squares. In 
this paper we shall investigate the spectrum of self-orthogonal semisymmetric 
quasigroups (SOSQs). 
2. PRELIMINARIES 
In a self-orthogonal quasigroup (Q, .), xy = yx is impossible for distinct 
elements x, y in Q, since the orthogonality condition would yield x = y. 
Consequently, we may focus our attention on the class of anticommutative- 
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semisymmetric quasigroups, which are necessarily idempotent, in our 
investigation of the spectrum of SOSQs. In particular, the results of (2 ( 
guarantee the following theorem: 
THEOREM 2.1. If a SOSQ of order n exists, then n = 0 or 1 (mod 3) and 
n # 3,6. 
Some constructions which give rise to SOSQs can be found in papers 17, 
10, 12-141 and the results can be summarized in 
THEOREM 2.2. Let p, ,pz ,..., p, be primes ~1 (mod 3), let q,, q2 ,..., q, be 
primes ~2 (mod 3) and 
n =p;“lpy . . . p;r q;fllq;42 . . . q;“‘, 
where ai, pi are nonnegative integers. Then there exists a SOSQ of order n. 
In order to further enlarge the spectrum of SOSQs we present another 
construction using the notion of pairwise-balanced designs (PBDs). This 
technique is fairly well known and is attributed to Bose et al. [3 I. The 
interested reader is also referred to [ 9, 151 for any undefined terms and 
notations used. PBDs can be used to combine SOSQs to form a larger SOSQ 
and the basis for our constructions is 
LEMMA 2.3. Suppose there exists a PBD B(K, 1; v) and for each k E K 
there exists a SOSQ of order k. Then there exists a SOSQ of order v. 
3. EXISTENCE OF SOSQs 
The nonexistence of a SOSQ of order 10 is established by investigating the 
complete set of 32 nonisomorphic (34 inequivalent) pure CTSs of order 10 
determined by Ganter et al. 181. We can prove, however: 
THEOREM 3.1. A SOSQ of order n exists for all n E 1 (mod 3) except 
n= 10. 
ProoJ First of all, Theorem 2.2 guarantees the existence of SOSQs of 
orders 4, 7, 19. Hanani [9] has proved that there exists a BIBD B(4, 1; n) if 
and only if n E 1 or 4 (mod 12). Brouwer 15 ] has proved that a PBD 
B((4, 7}, 1; n) with a unique block of size seven exists if and only if n s 7 or 
10 (mod 12) and n # 10, 19. The result then follows from Lemma 2.3. 
The identities x(yx) = y and (xy) x = y are equivalent in the sense that if 
xc YX) = Y, then y = (xy)(y(xy)) = (xy) x and if (xy) x =y, then 
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y = (( yx) y)( yx) = x( yx). Consequently, the transpose of a semisymmetric 
quasigroup is also semisymmetric and we have the following corollary to 
Theorem 3.1: 
COROLLARY 3.2. If n s 1 (mod 3) and n # 10, then there exists a pair of 
orthogonal-semisymmetric quasigroups of order n. 
4. CONCLUDING REMARK 
The nonexistence of a SOSQ of order 9 can be established on the basis of 
results contained in [ 111 and so the problem of existence of a SOSQ is now 
reduced to orders n = 0 (mod 3), n > 12. 
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